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AN EVALUATION OF FIVE POLYNOMIAL ZERO FINDERS 
by 
David Dodson ,  Phi l l ip M i l l er ,  Wi l l iam Nyl in and John Rice 
1 .  INTRODUCTION .  This evaluat ion project was part of the course 
C . S .  590B - Graduate Seminar for Spring ,  1968 .  Two people 
were to dev ise the evaluat ion procedures and one person 
gathered and prepared the five subrout ines .  The seminar 
was directed by John R i ce .  
Th is report summarizes the resul ts of the evaluat ion .  
The conclusions strongly suggest that many (if not mos t) 
very widely used subrout ines for standard mathemat ical 
procedures have a completely inadequate level of rel iabi l i ty .  
This report does not go into detai l on al l the differences 
between these subrout ines .  Some of them compute several 
auxi l iary values which others do no t .  
2 .  DESCRIPTION OF TESTS AND ROUTINES .  Five Fortran IV poly-
nom ial root finding rout ines were chosen and renamed P0LYR1 ,  
P0LYR2 ,  P0LYR3 ,  P0LYR4 and P0LYR5• They were al l modified 
to have the same argument l ists and then compi led on the CDC 
6500 .  The evaluafebrs received on ly binary copies of the 
rout ines and their cal l ing sequences .  No other clues were 
given to the evaluators about the methods used in the rou t ines .  
P0LYR1 is the subrout ine DPRQD in the 0S /360 scient ific 
subrout ine package .  It uses the quot ient-difference algori thm 
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w i th-d isp lacemen t .  
P0LYR2 is Purdue ' s G . S . C .  l ibrary rout ine C2 .03-1 (ZIROS) .  
It uses a combinat ion of Newton ' s and Bairstow ' s me thods .  
P0LYR3 is subrout ine POLRT in the OS  scient ific 
subrout ine package .  The method used is that of Newton-
Raphson wi th the final i terat ions done on the original 
polynomial rather than on the deflated po lynom ia l .  This 
avoids accumulated errors in the deflated po lynom ial .  
P0LYR4 is a prel iminary version of the NAPSS poly-
algori thm for finding the roots of a po lynom ial .  It uses 
a combinat ion of Bernoul l i ' s method and Newton ' s method .  
Each root is refined in the original polynomial as in P0LYR3 
and the order of each root is calcu lated .  An error bound 
is also compu ted .  
POLYR5 is a subrout ine implement ing an algori thm by Karl 
Nickel T
,T
Die Numerische Berechnung der i/arzeln Eines Polynoms" 
Karl Nickel Numerische Mathemat ik ,  1966 ,  pages 60-981 .  
3- EXTRANEOUS DIFFICULTIES ENCOUNTERED .  The fol lowing difficul t ies 
occurred which are not "mathematical '
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 errors ,  but rather the 
resul t of inadequate checking in the subrout ines .  
a) None performed sat isfactori ly for polynomials of degree 
zero .  One subrout ine went into an infini te loop in 
th is si tuat ion .  
b) P0LYR2 occasional ly aborts wi th ari thmet ic errors * 
due to infini te or indefini te operands .  
c) P0LYR4 does not compute the zeros of a polynomial of 
degree 1 .  It can get into an infini te loop for high 
degree po lynom ials .  
d) P0LYR5 uses blank COMMON for communicat ion between i ts 
several subrout ines .  Th is ruins a program which uses 
it and which has blank COMMON .  
SUMMARY OF EVALUATION OF ROUTINES AS A FUNCTION OF CONDITION-
ING ,  MULTIPLICITY AND DEGREE .  
a) Condi t ioning 
In tu i t ively ,  an i l l-condi t ioned polynomial is one in 





 change in one or more of the roo ts .  
To obtain a measure of the condi t ioning ,  first note 
that the equat ion ,  
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We define the condi t ion number of a root x to be: 
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We define the condi t ion of a polynomial to be the max 
(over al l roo ts) of the condi t ion numbers .  
The above fo l lows the reasoning of Wi lkinson and R i ce .  
b) Graph 1 p lo ts total subrout ine t ime for al l roots vs .  
l o g
1 Q
 (condi t ion) for a sequence of polynomials wi th 




 ' (x) = # [x-{k '+i)] k = 0 ,3 ,  • • -33 
i=l 
The test is more general than it might seem ,  as mul t iply-
ing the roots of a polynomial by a constant does not 
change the condi t ion .  
The conclusion is that P0LYR1 and P0LYR2 hard ly respond 
in t ime to condi t ioning .  P0LYR3 gives up early .  P0LYR4 
takes 13 seconds to do what P0LYR1 does in .5 seconds .  
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GRAPH 1: Time for al l roots vs .  l o g
1 Q
 (condi t ion) The degree 
is 20 in al l cases .  The smal l numbers along the 
curves indicate the number of correct decimal digi ts 
log (condi t ion) 
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c .  fful ' tiplici ' ty 




 n = 2 ,3 ,-- .13 
The conclusions are that P0LYR1 and P0LYR4 do consistent ly 
good work w i th mul t iple roo t s .  P0LYR2 and P0LYR3 give up 
relat ively early .  
GRAPH 2: : Time and accuracy for computat ion of the roots of 
(x- l . l}
n
.  The plot is n versus t ime in m i l l iseconds .  
N 
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d .  Degree 
Graph 3 plots t ime vs .  degree for the fol lowing sequence: 
k k-1 
p (x) = -rr (x - (1 .4) ) 
k= l 
Th is sequence was chosen so that i l l-condi t ioning does not 
enter the p icture .  The condi t ioning of p
2
^(x) ,  for example ,  
is < lcA ,  a wel l condi t ioned po lynom ial .  
The conclusion of th is test is that P0LYR1 is the fastest 
and most rel iable for this sequence .  Al l the other rout ines 
fai led before n = 56 .  
GRAPH 3: Time versus degree for a sequence of wel l condi t ioned 
degree 
a 
e) Notes concerning the graphs: 
As long as a rout ine provides a minimum of 5 significant 
figures in the roo ts ,  a point is p lo t t ed .  
If a rout ine does not obtain 5 significant d ig i t s ,  or 
if it gives up on locat ing the roo ts ,  this is shown by-
let t ing the t ime curve approach infin i ty .  
To al low some comparison of error ,  the minimum number 
of significant digi ts is noted above selected po in ts .  
SUMMARY OF EVALUATION OF ROUTINES FOR A SELECTED SET OF 
POLYNOMIALS 
The polynomial root findsre were tested on seven of the poly-
nomials proposed by B .  W i t te (SICNUM Newslet ter ,  Dec . ,  1967) 
and on a sequence of Tchebyshev po lynom ials .  W i t t e
f
s poly-
nomials were chosen as a wel l known set of test po lynom ials .  
The Techebyshev polynomials were chosen because ,  wi th in-
creasing order they become more and more difficul t to evaluate 
due to their large coefficients which al ternate in s ign .  
It was found that P0LYR1 ,  P0LYR2 ,  and P0LYR3 are not rel iab le .  
P0LYR1 found that T
2 n + i
 has a root of 2n i ,  n = 1 ,2 ,3- . .  and '
! 
no other roo ts .  P0LYR3 found that T_ had a root of 
2n+l 
2n+l together wi th the roots of Tgfc,  n= l , 2 , 3 . . .  P0LYR2 fai led on 
several of the polynomials wi th an ari thmet ic error when i t 
developed and tried to use an indefini te or infini te operands 
(see the CDC 6500 References Manual for detai ls of suchoperands) .  
P0LYR4 and P0LYR5 performed sat isfactori ly in that both found • 
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roots of the given polynomials in most cases .  P0LYR4 fai led on 
T30 wh i le P0LYR5 st i l l performs wel l on T55 .  
TABLE 1 below compares the execut ion t ime required on Wi t te ' s 




TABLE I .  Comparison of Execut ion Times 
Polynomial Root Finder 
P0LYR1 P0LYR2 PGLYR3 P0LYR4 P0LYR5 
A 0 .358 0 .822 2 .096 3-642 — 
B 0 .044 0 .122 0 .416 0 .544 0 .662 
C — 0 .174 0-530 0 .492 0 .518 
E — — 1 .206 1 .638 14-126 
F 0 .140 0 .420 13-116 0 .826 1 . 868 
G — — — 15 .420 23 .078 
T
5 
- - — — 0 .300 0 .126 
TlO - - - - - - 2 .026 0 . 898 
T
15 
— - - — 4-244 2 .164 
T
2 0 - - — 7-210 
T
2 5 — - - — 8 .222 
T
3 0 - - — 13 .798 
t
5 5 — — 63 .354 
Times are l isted in seconds ,  and dashes indicate fai lure 
of the rou t ine .  
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TABLE II .  Evaluat ion resul ts in the format proposed by B .  W i t te 
Al l rout ines were in CDC 6500 double precision = 28 decimal 
places except P0LYR5 which is single precision ,  l ime is 
in seconds .  
R E S U L T 
P0LYR1 C6500 PUR - 2 F (6/68) * (A) 19 17 -36 
* (B) 21 17 .04 
* (C) 
* (E) 









P0LYR2 C6500 PUR - 2 F (6/68) * (A) 11 7 
* (B) 13 10 
* (C) 16 11 
* (E) 














TABLE II .  ( 'Continued) 
R E S U L T 
POLYR3 C6500 PUR — 3 F (6/68) * (A) 19 17 2 .1 
* (B) 21 13 -42 
* (C) 27 27 .53 
* (E) 12 0 1 .2 
* (F) 6 4 13 -
* (G) -
* T5 
* TIO — 
* T15 -
* T20 
* T25 ~ 
* T30 — 
* T55 — 
POLYR4 C6500 PUR - 4 F (6/68) * (A) 18 16 3-6 
* (B) 23 17 -55 
* (C) 28 28 .49 
* (E) 8 0 1 .6 
* (F) 6 4 .83 
* (G) 25 22 15-
* T5 28 28 .30 
* TIO 28 27 2 .0 
* T15 28 27 4-2 
* T20 27 26 7-2 
* T25 27 25 10 .  
* T30 
* T55 
TABLE II .  (Cont inued) 
P0LYR5 C6500 PUR - - 2 F (6/68) 
R E S U L T 
%lr (A) 
* (B) 4 3 .66 
* (C) 10 10 • 52 
V (E) 12 9 14-
1 " (F) 3 1 1 .9 
* (G) 11 3 23-
Ts 14 14 .13 
* TIO 14 14 .98 
T15 11 8 2 .2 
* T20 10 6 4 .8 
* T25 10 5 8 .2 
' c T30 9 4 13-
* T55 3 1 63-
